We study an analog of the AGT (Alday-Gaiotto-Tachikawa) relation in five dimensions. We conjecture that the instanton partition function of 5D N = 1 pure SU (2) gauge theory coincides with the inner product of the Gaiotto-like state in the deformed Virasoro algebra. In four-dimensional case, a relation between the Gaiotto construction and the theory of Braverman and Etingof is also discussed.
Introduction
In [1] , Alday, Gaiotto and Tachikawa discovered remarkable relations between the 4D N = 2 super conformal gauge theories and the 2D Liouville CFT. This surprising conjecture has been extended to asymptotic-free cases [2, 3] and to SU(n)-gauge/W n -CFT [4, 5] . Some explanations were given from M-theory [6, 7] and from topological string [8] .
Various checks have been done in [9, 10] for example. The AGT relation is also closely related with the current active subjects such as loop operators [11] - [13] , wall crossing [14] - [16] , integrability structures (see, e.g., [17, 18] and references therein) and so on.
In this paper, we will examine an extension of the AGT conjecture to the 5D gauge theory. The instanton counting [19] - [23] has a natural generalization to the 5D gauge theory [23, 24] that can be viewed as a q-analog of 4D cases. In [25] - [27] it was argued that they are closely related with the Macdonald symmetric polynomials [28] . On the other hand, there exists a natural deformation of the Virasoro/W algebra [29] - [32] which is also related with Macdonald polynomials. Therefore, it is quite natural to expect an extension of the AGT relation between partition functions of the 5D gauge theory and correlation functions of the deformed Virasoro (or W) algebra. In this note, we will formulate and check this relation in the simplest case: the pure SU(2) gauge theory. Connections between 5D gauge theories and 2D relativistic integrable systems have been pointed out in [33, 34] .
In section 2, following the work by Gaiotto [2] , we will recall the conjectured relation between the instanton partition function of the 4D N = 2 pure SU(2) gauge theory and a Virasoro CFT correlation function (a two-point function or an inner product) with states of "irregular" singularity. In section 3, after a brief review on the deformed Virasoro algebra, we will formulate the 5D analog of the AGT conjecture in the simplest case: the pure SU(2) gauge theory, and check it. We will see a very nontrivial coincidence also in 5D. Section 4 is devoted to conclusions and discussion. In the Appendix A, we will make a comment on the relation between the AGT conjecture and the instanton counting by Braverman and Etingof using the Whittaker-Toda equation [35, 36] .
Review of Gaiotto construction
In the remarkable work [1] , Alday, Gaiotto and Tachikawa conjectured the surprising relation between the 4D supersymmetric gauge theory and the 2D conformal filed theory. In their original setting, it was conjectured that the instanton partition function Z inst of the 4D N = 2 gauge theories with N f = 4 flavours is coincides with the conformal block of the Virasoro CFT with four primary fields. The four fundamental matters corresponds to the four primary fields. Soon after that, Gaiotto gave extension of this correspondence to the theories with N f < 4. These theories can be obtained as degeneration limit of the N f = 4 case and certain confluent type operator/state appear. The state (which we call Gaiotto state) make irregular singularity for stress tensor T (z) of order grater than two.
Here, we will recall the construction of Gaiotto in case of N f = 0. Let V h be the highest weight representation of the Virasoro algebra
generated by the highest weight vector |h such that
The dual representation V * h , and the pairing is defined by;
We will put c = 1
In order to realize the relation T (z) =
, which is the square of the Seiberg-Witten differential, Gaiotto defined a vector |∆, Λ ∈ V ∆ by the condition
with leading term normalization |∆, Λ = |∆ +· · · . 1 Note that (2.1) guarantees L n |∆, Λ = 0 for all n larger than two.
The uniqueness of v n is proved by the induction in n using the fact that the null vector |χ ∈ V h defined by L n |χ = 0 for n ≥ 1 does not exist for the generic h and c. The dual vector ∆, Λ| ∈ V * ∆ is defined similar way:
It is conjectured that the inner product ∆, Λ|∆, Λ coincides with the instanton part of the 4D N = 2 pure SU(2) gauge theory. This conjecture has been checked for lower order in Λ-expansion and proved in the classical limit c → ∞ [9] . In the appendix A, we will give another support on this conjecture by using the result of Braverman and Etingof [36] .
3 Five-dimensional case 3.1 Quantum deformed Virasoro algebra Let (q, t) be formal parameters. We also let p := q/t and t = q β . The q-Virasoro algebra is an associative algebra generated by T n n∈Z with the relation [29, 30] ,
The defining relation (3.6) can be written in terms of the current
for any function g(z) = n∈Z g n z n .
The q-Virasoro algebra reduces to the Virasoro algebra in the limit q → 1. Let q = e . Then the generator L(z) defined as
is the ordinary Virasoro current L(z) = n∈Z L n z −n−2 , which satisfies (2.1) with the
Deformed Gaiotto state
Let M h be the Verma module over the q-Virasoro algebra, generated by the highest weight vector |h , such that T n |h = 0 for n > 0 and T 0 |h = h|h with h ∈ C. The dual module M * h is generated by h| which satisfies h|T n = 0 for n < 0 and h|T 0 = h h|. The bilinear form M * h ⊗ M h → C is uniquely defined by h|h = 1. For a generic value of q, the representation theory of the q-Virasoro algebra is similar to that of the Virasoro algebra [37] . Let us introduce the (outer) grading operator d which satisfies [d, T n ] = nT n and set d|h = 0. We call a vector |v ∈ M(h) of level n if d|v = −n|v . Then M h has the grade decomposition M h = ⊕ ∞ n=0 M h,n by the grade n subspace M h,n .
The deformed analog of the Gaiotto state |G ∈ M h is defined by
with a normalization condition |G = |h + · · · . Let |G = ∞ n=0 Λ 2n |G n with |G n ∈ M h,n , then (3.10) is equivalent to T 1 |G n = |G n−1 with |G −1 := 0 and T m |G n = 0 for m ≥ 2. The dual vector G| ∈ M * h is defined similar way:
and G| = h| + · · · . To calculate an inner product G|G = ∞ n=0 Λ 4n G n |G n , it is convenient to introduce a free boson realization for the q-Virasoro algebra.
Free boson realization
The q-Virasoro algebra has a free field representation:
Where a n are the Heisenberg operators realized as
with the variables p = (p 1 , p 2 , · · · ) and K is a multiplicative charge operator which commute with a n 's. Let |k be the highest weight vector such as K|k = k|k and a n |k = 0 (n > 0). Then T 0 |k = (k + k −1 )|k . The deformed Gaiotto vector is defined by (3.10) and |G = |k + · · · . This over determined system of linear equations have unique solution. 3 The vector |G is realized as a polynomial in p = (p 1 , p 2 , · · · )
The first few coefficients are as follows;
As in [29] , one can identify the boson Fock space with the space of symmetric functions in variables, say x = (x 1 , x 2 , · · · ), by the natural identification p n = i x n i . Then the function G(p) is written as a sum of the Macdonald function P λ (x; q, t) [28] as
which we have checked for |λ| ≤ 8. Similar structure can be observed in 4D case in terms of the Jack polynomials. Next, we compute the dual vector G| defined by (3.11) . To do this, we use an involution ι such that
Then, the free field realization of the vector G| is obtained from the polynomial G(p) simply by the replacement
Hence the inner product is given as
where for a partition λ = (
Then we have
where
This is the 5D analog of ∆, Λ|∆, Λ which can be compared with the 5D instanton partition function. The instanton part of the Nekrasov's five-dimensional pure SU(2) partition function is written by a sum over two Young diagrams λ and µ as follows [24] ;
Here, λ = (λ 1 , λ 2 , · · · ) is a Young diagram/partition such that λ i ≥ λ i+1 . λ ∨ is its conjugate (dual) as Young diagram and |λ| = i λ i . Then we observe the following coincidence: 26) for k = Q 1 2 . We have checked this up to level 9.
Summary and discussion
We studied 5D analog of AGT conjecture in the simplest pure SU(2) gauge theory. It turns out that a natural generalization of the Gaiotto construction using the deformed Virasoro algebra is related to the gauge theory. Fortunately, the parameters (q, t) are directly related in both sides of the correspondence. This is because these parameters 4 The parameter Q is related with the vacuum expectation value a of the scalar fields in the vector multiplets as Q = q a and the parameters (q, t) are related with those (ǫ 1 , ǫ 2 ) of the Ω background through (q, t) = (e ǫ2 , e −ǫ1 ).
have already been chosen in order to fit the conventions in Macdonald polynomials. It is quite natural to expect similar relation between SU(n) gauge theory and the deformed W n algebras [31, 32] . Inclusion of matter fields is also interesting problem. For the proof of the conjecture, the vertex operator constructions [23, 38, 39] would be useful. In 4D case, the Gaiotto states produce irregular singularities. Such a conformal field theory with irregular singularities [40] are recently studied from the point of view of quantum Painlevé equations. From this point of view, the AGT relation may be considered as a quantization of the correspondence between the Seiberg-Witten theory and the Hitchin/Painlevé equations (see [41] for example). ), Λ . It will be interesting to study the 5D difference analog of these differential equations, which may be related with the relativistic Toda system [33, 34] .
